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Absract

In this work we study the notion of forcing and show some examples of how to use it to add
generic real numbers to a model of set theory. We compare the properties from these examples,
and show that they do not yield the same generic extensions. We then introduce the idea of
iteration of forcing notions that we will use to create a model from the examples given. Before we
do, however, we investigate the notion of properness, and show that it is preserved by countable
support iterations. We then prove a few results about the types of reals added by different steps
of countable support iterations of proper forcing notions. We end with an example using the
generic reals introduced in the beginning and the theorems of proper forcing.
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Preliminaries

In this chapter, we introduce some of the basic notions of set theory, and a few well known
results of the real line, including a few topological properties. Any nonstandard notation will
be introduced as needed, most notation will remain consistent with the books by Jech [8] and
Kunen [10].

The Real Line

We assume the reader has a basic introduction to modern set theory, and understands basic
notions such as the integers, N or w, and the rational numbers Q. We will show three ways one
might proceed in defining the set of real numbers R from these basic notions. We will show in
later chapters that R is not absolute like N and Q, but can differ depending on properties of the
model of set theory used.

1.1 Dedekind Cuts
Definition. A Dedekind cut in Q is a pair (A, B) of disjoint nonempty subsets of Q such that:
1. AuB=Q
2. a<bforanyac Aand be B
3. A does not have a greatest element

We now say that R is the collection of all of the Dedekind cuts in Q. We want of course that
Q C R, and luckily for us, there is a very natural embedding. If ¢ € Q define A, :={z € Q : x < ¢},
and By := {z € Q: x > ¢}, then the pair (4,4, By) is a Dedekind cut in Q.

We equip R with the usual topology generated by the rational intervals, and the usual metric.
1.2 The Cantor Set

Definition. The Cantor Set, or the Cantor Space is the set 2¥ := {f : “f is a map from w to 2”}.

We equip 2% with the following topology. Let p € 2<% (a binary sequence of finite length), then

define the set U, C 2 by U, := {z € 2* : p C z}. Then {U, : p € 2<“} builds a base for our
topology.



1. Preliminaries 3

We can also equip the Cantor space with the following metric. If x,y € 2“, and = # y define
A(z,y) :=min{n € w: z(n) #y(n)}
Then define the metric on 2¥ by

2-A@Y) if g £y
d(z,y) = o
0 ifxe=y

The metric topology generated by d is the same as the topology defined above. It is easy to
see that this space is completely disconnected, as the base we defined above is one of clopen
sets. We could “glue” this space together by the following method. Let a := (0,1,1,1,1,...),
and b:= (1,0,0,0,0,...), then if 2z € 2<“ is any finite seqence of 0’s and 1’s, we say 2 "a ~ b
(where ™ is concatenation). We claim now that this is an equivalence relation, and the quotient
space 2%/ ~ is homeomorphic to the closed unit interval [0, 1].

1.3 The Baire Space

Definition. The Baire Space is the set w® := {f: “f is a map from w to w”}.

Similarly to the Cantor space, we equip the Baire space with the topology built by the sets
Up :={z € w* : p C 2} where p € w<¥.

We can use the exact same metric as we used on the cantor space. Just extend the domain of
A to include sequences in w®.

1.4 Null and Meager sets

If we are working with the Real line in the usual sense (Dedekind cuts or something similar), we
say an open interval (a,b) has length b — a. If we are working in the Cantor (or Baire) space,
and p is an element of 2<% (or w<*), then we say the open set U, has length g—dom(p)

Definition. The outer measure of a set A C R is defined by
w(A) = inf{z length(;) : A C U I; and each I; is an open interval}
€W 1EW

A set B C R is Lebesgue measurable if for each A C R, p*(B) = p* (BN A) + p*(B\A). If a set
B is measurable, we write pu(B) instead of p*(B), and call this the Lebesque measure of B.
A measurable set B C R is a null set if p(B) = 0.

We won’t go any further in describing the Lebesgue measure. A complete description can be
found in chapter 11 of [11]. We will however need a few basic properties.

Lemma 1.4.1. Let B C R be a measurable set, then for each € > 0 there is a closed set V and
an open set U such that V. C B C U and p(U\V) < e.

Proof. See [11]. O

Definition. A subset of R is a Gs-set if it can be expressed as a countable intersection of open
sets. A set subset of R is a F,-set if it can be expressed as a countable union of closed sets.
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Corollary 1.4.2. If B C R is a measurable set, then there is a F, set F' and a Gs set G such
that F C B C G and pu(F) = u(B) = u(G).

Proof. For each n € w choose a closed set V,,, and an open set U, such that V;, C B C U,, and
p(U\V) < L. Then F :=J,c, V» and G := (¢, Un are the desired sets. O

ncw new

Definition. Let X be a set equipped with a topology, then a subset A C X is called

e dense in X if for every open U C X, U N A # 0.
e nowhere dense in X if there is a dense open set U C X such that U N A = (.

e meager in X if it can be expressed as the union of countably many nowhere dense sets.

Lemma 1.4.3. If A C X is meager, there is a Gs set B that can be expressed as the countable
intersection of dense open sets such that AN B = ().

Proof. This follows directly from the definitions of meager and nowhere dense. O

1.5 Some Universal Properties of the Real Line

We are going to want to work in several models of set theory, but want to be able to transfer
some ideas like open sets from one model to another. For example, we may talk of the rational
open interval with the code (%, %), but what we really want to talk about is the interpretation
of the code, {z € R: 1 < z Az < 2}. We notice right away that the code is universal, as
every model of set theory contains “the same” set of rational numbers, but as we shall soon see
the interpretation may vary from model to model, because one model might have “more” real
numbers between % and %. We now extend this idea of codes to a few specific types of subsets

of R.

Definition. A set p € V is a G-code and represents an open set of RY if it is an at most
countable collection of ordered pairs of the form (ry,ry) where r1,72 € Q and r; < ryo. The
G-interpretation of p in V is given by p¥ := U<T17T2>ep(r1, ra)V

As above we define, (r1,79)" :={z € RY i1y <z Az <712}

Corollary 1.5.1. If ¢ € V is an open subset of RV, then there is a G-code p € V such that
\%
P =q.

Proof. Every open subset of the real line is the union of countably many open rational intervals.
O

Definition. A set p € V is an F-code and represents a closed set of RV if it has the same form
as a G-code. The F-interpretation of p in V however is given by p" := R\ U<TI’T2>GP(7’1,T2).
i.e. the complement of the G-interpretation of p.

Corollary 1.5.2. If ¢ € V is a closed subset of RV, then there is an F-code p € V such that
\%
P =4q.

Proof. Every closed subset of the real line is the complement of an open subset of the real
line. O

Definition. A set p € V is a G-code and represents a G set of RY, if it is an at most countable
collection of G-codes. The Gs-interpretation of p in V is given by p" := 4€p q". Where ¢V is
the G-interpretation of ¢ in V.
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We don’t have to stop there. It is easy to see how one would define an F, code. We could even
define codes for Borel sets. However, for us, as we shall later see, open, closed and G sets will
suffice.

Now that we have a way to code certain types of sets, it becomes interesting to ask which
properties of these sets are universal. It turns out that the diameter of certain sets does not
depend on the model we are working in. We will later be interested in the diameter of closed
sets, so we will prove it for F-codes, but it would be easy to show this for other codes as well.

Lemma 1.5.3. If p € V is an F-code, then diam(p"') depends only on p, and not on the
nterpretation pV.

Proof. We can show this with a simple calculation:
V) sup{z —y:z,y €p’}
= sup{r —y:V(rs)eple<rvVez>s)A(y<rvy>s)}
= sup{z:V(r,s) eplz <rVz>s)}—inf{y:V(rs)cply<rvy>s)}
= sup{r:3s{r,s) e p AV ) ep(r <r'vr>d)}

—inf{s: Ir(r,s) e pAV(r',s") ep(s <r'Vvs>s)}

diam(p

This term only depends on the code p, and not on the interpretation p . ]

1.6 Cichon’s Diagram

The next natural question to ask, is which properties of the real line actually do depend on the
model we are working in. For some specific examples, we will look at the 10 cardinal invariants
that make up Cichon’’s Diagram. First we define them.

Definition. A set Z C P(R) is an ideal on R if the following hold:
1.1t A BeTthen AUB€ET
2. f AecZ and BC Athen BeZ
3. If reR then {r} €7
4. R¢T
Definition. If 7 is an ideal on R, then define the following cardinal characteristics:
1. add(Z) = min{card(A) : ACZ,|JA ¢ I} is the additivity number of .
2. cov(Z) = min{card(A) : A CZ,|J A =R} is the covering number of Z.
3. non(Z) = min{card(X) : X CR, X ¢ Z} is the uniformity number of Z.
4. cof(Z) = min{card(A): ACZ VB eZ 3JA € A(B C A)} is the cofinality of Z.

Definition. Let N denote the ideal of null sets, {X C R : u(X) = 0}, and let M denote the
ideal of meager sets.



1. Preliminaries 6

Definition. If f, g € w* then:
<, g < Ym>n f(m) <g(m)
f<'g e Inewf<ig
If f <* g, we say g eventually dominates f.

Definition. The bounding number is the smallest cardinality of an unbounded family on w* with
respect to <*, defined by b := min{card(F') : F C w* and Vg € w¥3f € F such that f £* g}.

Definition. The dominating number is the smallest cardinality of a cofinal family with respect
to <*, defined by = min{card(F) : FF C w* and Vg € w*3f € F such that g <* f}

Definition. Cichon’s diagram is the diagram:
cov(N) —= non(M) — cof(M) —— cof(N) —— 280
b —— >0
Ry —— add(N) —— add(M) ——= cov(M) —— non(N)

It is well known that arrows in the diagram represent inequalities between these invariants that
do not depend on the model. Most of these require long involved proofs, so we will omit them
here. For a full explanation see [2]. Assuming the inequalities shown hold, it is clear that if we
have the continuum hypothesis that we actually have equality everywhere. Later we will show

a model where cov(N) and cov(M) are both No, but b is still X;. For more models see 7.5 in
3].



The Notion of Forcing

In 1963 Paul Cohen showed that both the axiom of choice and the continuum hypothesis are
independent from the Zermelo-Fraenkel axioms of set theory. While his results were important
in mathematics, it was his method that gave mathematicians a tool that could be used to prove
much more. Best summarized by [9]: “The extent and breadth of the expansion of set theory
henceforth dwarfed all that came before, both in terms of the numbers of people involved and the
results established.” The idea was simple: take an existing model of set theory and adjoin a new
element, much like algebraists do when adding a transcendental to a field. In doing so, Cohen
wanted to preserve the axioms of set theory, and also be careful not to add any new ordinals [6].
He decided to start with a countable transitive model, which gave insight on what a “generic”
element might look like. Since the natural numbers are absolute in any model, the simplest set
to try to add is a new subset of the them. Since the model was countable however, there exists
an ordinal «, that is countable, but does not lie in the model. Since this « is countable, it could
be encoded as a set of natural numbers. If we happen to try to adjoin this particular set, we
would also add this ordinal . So these “generic” elements had to be chosen wisely, and this
is what the method of forcing does. We will present forcing here by using partial orders in the
ground model, and show how to use them to find the sought after “generic” element.

2.1 The Definition of Forcing

Definition. Let V be a transitive model of set theory, and (P, <,1) € V a partially ordered set
in which 1 € P is a maximal element. Then we will call P a forcing or a forcing notion, and its
elements forcing conditions. We say p is stronger than ¢, or p is an extension of g, if p < q. We
say p is compatible with ¢ if there exists an r that extends both p and ¢, and we may denote
this by p || ¢. Otherwise p and ¢ are called incompatible, and we may denote this by p L q.

Definition. If (P, <) is a partially ordered set, then D C P is dense in P if for every p € P there
is a ¢ € D such that ¢ < p.

Definition. A class F C P is a filter if
1. F is nonempty
2. If p<gand p € F then g € F
3. If p,q € F then there is an r € F such that » < p,q

A filter is P-generic over V if
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4. For all D € V such that D is dense in P, DN F # ()

Remark. We can actually drop the requirement that the ordering is antisymmetric, and take
our forcing notions to be preorders. In any case, we can always take an appropriate quotient of
a preorder to convert it to a partial order.

From now on, unless stated otherwise, we will assume that V is a transitive model of ZFC,
P € V is a forcing, and G is a P-generic filter over V.

2.2 Properties of Generic Filters

In the definition of a generic filter, we use dense sets to describe its genericity. We could however
use one of the following notions.

Definition. A set D C P is

e predense in P if for every p € P, there is some ¢ € D and r € P such that r extends both
q and p.

e an antichain if for all p,q € A,p L ¢q. An antichain is mazimal if for all p € P\ A, AU {p}
is not an antichain.

Lemma 2.2.1. Let G be a filter on P. Then the following are equivalent.
1. G is P-generic over V
2. GND # 0 for every D € V that is predense in P
3. GNA#D for every A €V that is a mazimal antichain in P

Proof. (1 = 2) If D is predense in P, it is clear that D' := {p € P : 3g € D (p < q)} is
dense. Therefore if G is a generic filter, there is some p € D’ N G. Then by the definition of
D', there is some g € D such that p < q. By the filter properties, ¢ € G, and therefore ¢ € GND.

(2= 3) If A is a maximal antichain, and p € P, there is some ¢ € A such that p || ¢, (because
otherwise AU {p} would be still an antichain, so A wouldn’t be maximal). Then let r extend p
and ¢, and notice that this shows that A is predense. Therefore 3 follows directly from 2.

(3 = 1) We show that every dense subset of [P contains a maximal antichain. Let D be dense
in P, and let A be an antichain maximal with the property A C D. Suppose now that there
exists a p € P\ A such that AU {p} is an antichain. Then since D is dense, there exists a ¢ € D
such that ¢ < p. But then AU {q} is an antichain and is contained in D, thus contradicting the
assumed maximality of A. It follows that 3 implies 1. O

Lemma 2.2.2. IfIP € V is a forcing, H is a filter on P, and G is a P-generic filter over V such
that G C H, then G = H.

Proof. For contradiction, assume this is not the case and let p € H be such that p ¢ G. Then
define the set D :={qg € P: (¢ <p)V (¢ L p)}, and notice it is dense in P. It follows from the
genericity of G that we have some ¢ € G N D. Since ¢ is an element of G but p is not, we can’t
have ¢ < p, so it must be that ¢ L p. Remember that p € H, and notice that because G C H,
q € H. This of course is a contradiction though, as p L q. ]
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Lemma 2.2.3. Let P € V be a forcing such that for every p € P there exist r,s < p such that
r L s, and let G C P be a generic filter. Then G ¢ V.

Proof. We suppose for contradiction that G € V. Then P\G € V and we can show that it is
dense in P. To do this, let p € P and find ¢, € P such that ¢, < p and ¢ L r. It cannot
be the case that both ¢ and r are elements of G, so either ¢ € P\G or r € P\G, thus P\G is
dense. By genericity (P\G) NG # 0, but it is clear that this set would be empty, giving us a
contradiction. ]

While the above properties are important, the most important property of a generic filter is
existence. Cohen’s success of forcing came from the fact that he started with a countable
minimal model. In such a model, one can ask every question in a sequence, and in particular
find a subset of the forcing that intersects every dense subset in the ground model.

Lemma 2.2.4. If M is a countable model, with a forcing P € M and p € P then there is a
P-generic filter, G, over M with p € G.

Proof. Start by enumerating all of the dense sets of P in M as (D,, : n < w) (this of course is
done outside of M, as most likely this enumeration does not exist within M). By the density of
Dy, choose a pg € Dy such that pg < p. Now for each n € w choose a pp+1 € Dpy1 such that
Pn+1 < pn, and take the filter generated by {p, : n € w}. By construction this filter is P-generic
over M, and contains p as an element. ]

2.3 P-names and Generic Extensions

Definition. An element f € V is a P-name if it is a relation and for all (¢, p) € f we have ¢ is
a P-name and p € P.

It is clear from the definition that the empty set is trivially a P-name. As we shall see below,
there are “just as many” P-names as there are elements in V.

Definition. If x € V then the canonical P-name for x is defined recursively by
= {3 1) 1y € 1)
(In particular () = (0.) Notice also that if 2 € V then & € V as well.
Definition. If f € V is a P-name, then the G-interpretation of f is given by
J¢ =14 :3p e G{g.p) € [}

Now we can see why & is called the canonical P-name of z, as with a little work it is clear that

#% = z. Remember though that we have shown that G is not always an element of V. Thus we

can see that the interpretation of some names may also not lie in V.

Definition. Even though the filter G may not be in V, it has a canonical name in V', namely
G:={(p,p}:p P}

Notice that in fact G¢ = G, because if p € G, then p = p% € G, and if p ¢G,p¢ GC.

Definition. If G is a P-generic filter over V', then define the P-generic extension of V by G as

VIG] := {f%: “f € V is a P-name”
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We claim now that V[G] is a model of ZFC. For a detailed proof, please refer to Kunen [10]
chapter VII §4.

Lemma 2.3.1. If V is a transitive model of ZFC such that V CV and G € V then V[G] C V.

Proof. Since G € V and for each P-name f € V, we also have f € V, it is clear that f¢ e V. [

So one might think of V|G| as being the smallest model of ZFC such that V' C V[G] and
G € V|[G]. We can use this idea to define what a minimal generic extension would look like.

Definition. An extension V[G] is minimal over V if given any subset of ordinals X € V]G],
either X € V or G € V[X].

Since we are going to be working with codes for open sets, closed sets,... etc, the following
lemma will become very useful to us. We will only present the case for G-codes (open sets), but
it is clear that it can be repeated for any type of code.

Lemma 2.3.2. Let p € V be a G-code for an open set p¥ € V, then p¥ C pVIGl,

Proof. For each z € pV, there is some (a,b) € p such that in V, a < z < b. This inequality
holds in V[G], and thus = € p"[¢]. O

2.4 The Language of Forcing

Definition. We say ¢(zo, ..., &y) is a sentence in the forcing language if ¢ is an €-formula, and
20, ..., Tn, € V are P-names.

Definition. If ¢(iy,...,4,) is a sentence in our forcing language, and p is a condition, we say p
forces ¢(iq, ..., 4y) if for every P-generic filter G with p € G, the statement ¢! (@5, ..., 25 is
true in V[G]. We write in shorthand p IF ¢.

Theorem 2.4.1. (The Forcing Theorem)
If ¢ is a sentence of our forcing language then for every P-generic G C P over V, we have:

VIGIE¢ < FIpe G (plF 9)
Proof. See theorem 3.6 in chapter VII §3 of [10]. O

Lemma 2.4.2. (Properties of Forcing)
If ¢ and v are sentences in the forcing language, and p and q are conditions in P then

1. If pl- ¢ and g < p then q IF ¢
2. No p forces ¢ and —¢
3. For every p there is a ¢ < p that decides ¢, i.e. either qIF ¢ or q - —¢
4. plF @ if and only if no ¢ < p forces =¢
5 plE oAV if and only if plk ¢ and p - Y
6. plEVx (¢(x)) if and only if pI- ¢(&) for every P-name & € V.
7. plE oV if and only if Vg <p (3r < q (rl- ¢ orrli- 1))
8. plF3x (¢(z)) if and only if Vg <p (3r < q3z €V (r - ¢(2)))
Proof. Also found in chapter VII §3 of [10]. O
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Some Consequences of the Forcing Theorems

Definition. A forcing P is separative if whenever p & ¢ there is a p’ < p such that p’ L q.
Lemma 2.4.3. If P is separative and p,q € P then pl- § € G if and only if p < q.

Proof. If p < q and p € G then by the second filter property, ¢ € G. It is clear that by definition
p IF ¢ € G. Now suppose that it is not the case that p < ¢. Since P is separative, we can find
a p’ < p such that p’ L ¢. It is clear by the forcing properties then that p ¥ ¢ € G, because
PiFqéa. O

Lemma 2.4.4. If £ € V is a P-name such that 1 IF & C V', then there is a name & € V such
that 11- & = % and if a € & then there is some y € V and p € P such that a = (g, p).

Proof. Define & := {(y,p) :y € VApePA(plF g € )}, then we claim that 1 IF & = &. First
let G be a P-generic filter over V. Suppose that y € #¢ and notice that by the forcing theorem
there is some p € G such that p |- § € &, which by definition tells us that (g, p) € Z. Therefore
plF g € Z, and in particular since p € G, y = §° € #¢. Now suppose instead that y € #¢, and
notice again there is a p € G such that p IF § € . Then there is some ¢ > p such that (7,q) € &
(in particular we could show this to be true for ¢ = p), so ¢ IF § € 4. Since p € G and ¢ > p, we
have ¢ € G, so y = §“ € ©“. Together, we get ©¢ = ¥, or because G was an arbitrary generic
filter, 1 IF & = Z. O

Lemma 2.4.5. Suppose that A € V is an antichain in P, and for each ¢ € A, &, € V is a
P-name. Then there is a © € V such that q |- & = &4 for each q € A.

Proof. Define 1 := quA{@,p) cy €dom(zg) Ap<gAplkyei,}. Fixaq€ A and assume G
G
7
Let y € £&. Then there exists an r € ANG, a p € G, with p < 7, and a name g € dom(i,) such
that (7,p) € &, y© =y, and p - ¢ € &,. Since A is an antichain, the only element of ANG is ¢,

and since p € G, y© € :)':f.

is a generic filter with ¢ € G. We now show that ¢ = &

Now let y € ©%. Then there exists an p € G with p < g and a § € dom(#) such that p IF ¢ € &.
By the definition of & it must be that y € @4, and p Iy € 24. It is then clear that y¢ € :'cf. O

Theorem 2.4.6. (The Maximality Principal)
(Assume AC holds in V) Let q € P, and suppose that for some P-names, &1, ...,&, € V, we have
qF 3z (p(z, &1, ..., &n). Then there is a P-name & € V' such that q IF ¢(&, &1, ..., ).

Proof. Using Zorn’s Lemma in V, find an antichain A € V maximal with the properties:
1. A is an antichain in P
2.VpeAlp<qANn3Tz eV (plk ¢(x,41,...,22)))

Using the axiom of choice, choose for each p € A a name ¢, € V such that p I ¢(&p, Z1, ..., T2),
and by the previous lemma, choose an & € V' such that p I- & = i, for each p € A. Assume now
that g ¥ ¢(&, 21, ..., &y), then there is some r < ¢ such that r |- —¢(&, 21, ...,2,). Since r < g,
r Ik Jx(é(x, 21, ..., &n), so there is some s < r and some P-name ¢ such that s IF ¢(y, &1, ..., Tp).
Since s I —¢(&, &1, ..., 4y, ), We can see that s L p for every p € A, but then AU{s} is an antichain
in V' with the desired properties but A C A U {s}, contradicting the maximality of A. O
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2.5 Equivalence of Forcing Notions

We are going to look at a few specific examples of forcing notions that add new real numbers to
the ground model. Sometimes two different forcing notions produce the same generic extension.
We can use this to our advantage by producing multiple forcing notions, with different combinatorial
properties, that produce the same generic extension. Some specific properties of the generic
extension might be easier to show in one variation over another. We first describe here a
sufficient condition that two forcing notions are equivalent.

Definition. Two forcing notions in a ground model V' are equivalent if they generate the same
generic extensions of V.

Definition. Let P and Q be forcing notions in our ground model V, then a map f € V,
f:P— Qis called a dense embedding if:

1. If p; < po then f(p1) < f(p2)

2. If p; and po are incompatible then so are f(p1) and f(p2)
3. f[P] is dense in Q
Theorem 2.5.1. If f : P — Q is a dense embedding then P and Q are equivalent forcing notions.

Proof. As dense sets play an important role in genericity, we need a way to translate them from
one forcing to the other. We do this with the following two claims.

Claim. If D € V is dense in P, then f[D] is dense in Q.

Proof. Let q € Q, then since f[P] is dense in Q we can find a p’ € P such that f(p') < ¢, and since
D is dense in P we can find p € D such that p < p’. Then f(p) € f[D] and f(p) < f(p') < ¢, so
f[D] is dense in Q. O

To transfer dense sets in the other direction, we can’t just take the preimage of D because it
might not have one. To get around this problem, we take the set of everything that “would be
under” the preimage.

Claim. If D € V is dense in Q, then Dp :={p € P:3q € D(f(p) < q)} is dense in P.

Proof. Let p € P, then f(p) € Q, and D is dense in Q, so find a d € D such that d < f(p). Now,
since f(PP) is also dense in Q find a p’ € P such that f(p) < d. It is clear that f(p’) < f(p), so
in particular they are compatible, which means by property 2. of the dense embedding, so are p
and p’. Thus we can find a p” € P that extends both p and p’. By property 1. of the embedding,
f(") < f(p) <d, and thus p” € Dp, proving that it is dense in P. O

Now we want to construct some maps (computable in the appropriate universes) that translate
generic filters from one forcing to the other.

First we define a map f such that if G C IP is a P-generic filter over V, the image f(G) C Q is
a Q-generic filter over V. Notice that the image of a filter might not be upwards closed, and
therefore not a filter. It turns out that the right thing to do is to take the upwards closure of
this image.

Claim. Let G C P be a P-generic filter over V, then f(G) :={q€Q:Ip e G(f(p) <q¢)} CQ

is a Q-generic filter over V.
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Proof. First we show that f(G) is a filter on Q.

1. f(G) is not empty

This is trivial, because G is not empty.

2. If p< qand p € f(G), then q € f(G)
Since p € f(@), there is some r € G such that f(r) < p. It is then clear that f(r) < ¢, so
q € f(G).

3. If p,q € f(G) then there is an r € f(G) such that r < p,q
Let p',q' € G such that f(p') < p and f(¢') < ¢, then because G is a filter, there is some
r < p',¢ such that r € G. We can see now that f(r) € f(G) and f(r) < p,q.

Now we will show that the filter f(G) is Q-generic over V.

4. Given any set D € V which is dense in Q, f(G)N D # 0.

Since D is dense in Q, the set Dp defined in our claim above is dense in P, and thus by
the P-genericity of G, there is some p € G N Dp # 0; Since p € Dp there is a ¢ € D such
that f(p) < ¢, and because p € G, by definition g € f(G).

O]

Now we show that in taking the inverse image under f of a Q-generic filter H, the result is a
P-generic filter.

Claim. Let H C Q be a Q-generic filter over V, then f~'[H]:={p €P: f(p) e H} CPisa
P-generic filter over V.

Proof. Again we begin by showing that the result is a filter.

1. f~'[H] is not empty

Since f[P] € V is dense in Q, and H is a Q-generic filter over V, f[P]N H # (). Thus if
p € P such that f(p) € H, it is clear p € f~1[H].

2. If p<qand pe f~[H], then q € f~1[H]

By property 1. of f, f(p) < f(q), and thus by the filter properties of H, f(q) € H, so
g€ f[H]|.

3. If p,q € f~'[H] then there is an r € f~![H] such that r < p,q

Define the set Dy, :=={r € P: (r < p,q)V (r L p) vV (r L q)}. This is clearly dense in
P, since if we have any s € P, it is either compatible with both p and ¢, or incompatible
with one of them. If it is incompatible with one of them, it is already an element of D, ,.
Otherwise it is compatible with both, so we can choose some r stronger than p, ¢ and s,
and this is an element of D, ;. We know that f[D,,] is dense in Q by the claim above, so
HN f[Dpg] # 0. Let r € Dy 4 such that f(r) € HN f[Dy4]. Since f(r) || f(p), f(q), (as
they are all elements of the filter H), » must be compatible with both p and ¢ by property
2. of the map f. By the definition of D, ;, this means that r < p, ¢, and is thus the desired
element of f~1[H].

Now we will show that the filter f~![H] is P-generic over V.
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4. Given any set D € V which is dense in P, f~[H] N D # 0.

We know already that f[D] € V is dense in Q, so f[D]N H # 0. Let r € D be such that
f(r) € f[D]N H, then it is clear that r € f~'[H] N D.

O]

We now want to show that these operations are in a way ”inverses” of each other. We do so
with the following two claims.

Claim. If G C P is a P-generic filter over V, then f~'[f(G)] = G.

Proof. Tt is clear that G C f~![f(G)], because if p € G, we have p € f~[{f(p)}] € G'. We have
already shown that both are P-generic filters, so equality follows from lemma 2.2.2.
O

Claim. If H C Q is a Q-generic filter over V, then H' := f(f~'[H]) = H.

Proof. Tt is clear that H' C H, because if ¢ € f(f~'[H]), there is some p € f~[H] (so f(p) € H)
such that f(p) < ¢, which means ¢ € H. Again equality follows from lemma 2.2.2.
]

So here we have shown that by using f we can take a P-generic filter, translate it to a Q-generic
filter, and can recover the original filter from this translation. We can also do the same thing
starting with a Q-generic filter. Thus we have shown that P and Q generate the same generic
extensions of V.

O

2.6 Preserving Cardinals

Definition. Let @ € V be a cardinal. Then we say a forcing [P satisfies the a-chain condition if
every antichain has cardinality less than «. The RNi-chain condition may also be referred to as
the countable chain condition or simply ccc.

Lemma 2.6.1. Let a € V be a cardinal and assume that P satisfies the a-chain condition, then

1. P preserves cofinalities greater than or equal to .

2. If « is regular in 'V, then P preserves all cardinals greater than or equal to a.
In particular, if P satisfies the ccc, then P preserves all cardinals and cofinalities.

Proof. For the following, let G be a P-generic filter over V.

1. Let 3 be a cardinal in V such that cf¥ (8) > a. Let v € Ord and assume f € V[G] is a cofinal
map f : v — (. Find a name f € V for f, and a p € G such that p I+ “f is a map from ~ to 7.
Now for each ¢ < « define in V the set A¢ := {6 < B:3¢ <p (¢IF f(§) = d)}. Since P has the
a-chain condition we can show that cardV(Ag) < «. To do this, choose a witness g5 for each
§ € Ag such that gs IF f(€) = 6. Then notice that {gs : § € A¢} is an antichain of P. It is easy
to see that range(f) C U§<7 Ag, so in particular, this set is cofinal in 3. Since U§<7 Ac eV,

and cfV (8) > a, we have v > cf'(3), and thus cf (8) = cfVIC] (B).

2. Assume that aisregularin V. If 8 > a/is aregular cardinal in V', by 1., cfVIC] (B) =tV (B) = 5,
so (8 is a regular cardinal in V. If § > « is a limit cardinal in V, then it is clear that the set
{v:a <~y < B A “yis aregular cardinal of V”} is unbounded in §, and because each of these
regular cardinals is still a regular cardinal in V[G], § is also a cardinal in V[G]. O



Examples of Generic Reals

Now that we have introduced the notion of forcing, we will give three specific examples that add
new reals to the ground model, and examine some of their properties. Along the way, we will
show that the first two forcing notions exhibit the countable chain condition, and even though
the third does not, we will show that it does not collapse cardinals for another reason. All of
our examples come from [7], but can also be found in [8], [13], [10] and many more.

3.1 Cohen Reals

As stated earlier, forcing was discovered by Paul Cohen in 1963 while proving the independence
of the Axiom of Choice and of the Continuum Hypothesis from the Zermelo-Fraenkel axioms
of set theory. In his papers [4] and [5] Cohen introduces the technique of forcing to prove the
independence of the Continuum Hypothesis, and uses a forcing notion that will become the
prototype of the “Cohen forcing” that we will now examine. We will define this forcing in three
distinct ways, but show that all are equivalent.

Forcing with Finite Sequences of 0’s and 1’s

We define our forcing by Cq := 2<% (the set of all finite sequences of 0’s and 1’s), and say p € Cy
is stronger than g € Cq if p D ¢. (i.e. The sequence ¢ is an initial segment of p.) We notice that
with this ordering, the empty sequence () is our maximal element.

Forcing with Finite Sequences of Natural Numbers
We define another forcing C,, := w<¥, saying again that p € C,, is stronger than g € C, if p D q.
Again, we see the empty sequence is the maximal element of this forcing.

Forcing with Partial Functions from w to w with finite domain

Yet another way that we could define the Cohen forcing is by letting the forcing conditions be
partial functions p : dom(p) C w — w, where card(dom(p)) < w. Let us call this forcing C¢, and
say p € Cy is stronger than ¢ € Cy if p O ¢. The maximal element of this forcing is the empty
function.

Lemma 3.1.1. The Cohen forcing notions Ca, C,,, and Cy defined above are all equivalent.
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Proof. First notice that C,, has a natural embedding into Cy, because any finite sequence of
natural numbers can be thought of as a function from its length to the natural numbers. Formally
we can think of it as the subset set { f € C; : Vm,n € w, (m < nAn € dom(f)) — (m € dom(f))}.
This set is clearly dense, as given any function f € Cy, we can fill in the gaps in the domain
to create the sequence f := f U {(n,0) : n € max(dom(f))\dom(f)} € C,, and we have f < f.
Thus by theorem 2.5.1, C,, is equivalent to Cy.

Notice that there is also an obvious embedding of Cs into C,,, but the image is not dense, so we
need a different approach.

We will show C,, is equivalent to Cs by defining the map f : C,, — Cs by the following. Define
first g:w — 2<“ by g(z) :=={(n,zn) :n<zA(n<z—z,=1)A(n=2— 2, =0} ie. g(z)
is the sequence of x 1’s followed by a 0. Now define f recursively:

f0)=0
If f is defined for p € C,,, and = € w

f(p~x) = f(p)"g(z)

(e.g. f(<1,0,2,4>)=<1,0, 0, 1,1,0,1,1,1,1,0 >)
1 0 2 4

Remember that p; < po in C,, if po C py. It is clear however that ps C p; if and only if
f(p2) C f(p1). Now notice that f(C,) = {g € Cq : the last term in the sequence is 0}, which is
dense in Cy (because we can add a zero to the end of any finite sequence). We have shown this
is a dense embedding, so by theorem 2.5.1, these forcing notions are equivalent. O

Theorem 3.1.2. The Cohen forcing notions have the countable chain condition.

Proof. Each forcing described above is itself countable, so of course any antichain contained in
one of them is also countable. O

We claim now that these forcing notions give rise to a real number that is not available to us
in the ground model. We will only show this explicitly for C,,, but the proof is similar for the
other two notions.

Theorem 3.1.3. If G is a generic filter on C,,, then f :=|JG is a real number in the model
VI[G].

Proof. We will show that f : w — w is a function (and thus a real number). Notice that if p,g € G
then either p C ¢ or ¢ C p. Thus p and ¢ agree on any common domain, so f : dom(f) — w is
in fact a function. Next notice that the sets D,, := {p € C,, : dom(p) > n} are dense in C,. By
genericity D, NG # ) (and thus n € dom(f)) for every n € w, so dom(f) = w. O

It is clear that given any forcing condition, we can find two extensions of it that are incompatible,
so by lemma 2.2.3 we know G ¢ V. We show that f ¢ V by the following lemma.

Lemma 3.1.4. The generic filter can be recovered from f. In particular V[f] = V|G|

Proof. We show now that G = {p € C,, : p C f}. One inclusion is obvious, as if p € G, it is clear
that p C f. To show the other direction, suppose that f O p € C, and for each n € dom(p)
find a p, € G such that (n,p(n)) € p,. Then by the filter properties (and because dom(p) is
finite), there is some p’ € G such that for every n € dom(p), p, C p’. Of course p C p/,; so p € G
because G is a filter. Now that G can be recovered from f, we have shown V[f] = V[G]. O
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Theorem 3.1.5. In the Cohen extension V|G| there are functions f : w — w that are not
dominated by any function in V.

Proof. Again, we will work with the forcing C,, but there are similar proofs for the other two
notions as well. Let G be a generic filter on C,, and f := |JG. Now let g : w — w be any
function in V', and define D, := {p € C,, : In € dom(p)(g(n) < p(n))}. We can see that D, is
dense, because given any ¢ € C,, and n ¢ dom(p), pU{(n,g(n)+ 1)} <p. Thuslet d € DyNG,
and notice that d C f, so g does not dominate f. O

We would now like to show that that the Cohen extension V[G] is not a minimal extension over
V. In fact, we will show that there is an intermediate extension that is also a Cohen extension.

Theorem 3.1.6. If G is a Co-generic filter over V, then there exist filters Go, G1 C Co such that
Gy is Ca-generic over V, Gy is Ca-generic over V|[Gyl, and V[G] = V[Go|[G1]. In particular
VI[G] is not a minimal generic extension of V.

Proof. For f € Cq, define new functions fy, f1 € Cq by defining fo(n) := f(2n) and f1(n) := f(2n+1).
Now define a map F' : Co — Cy x Cy by setting F(f) := (fo, f1). If we let Co — Cy take the
product ordering, it is not hard to show that this is a dense embedding, so there is a G € Cy x Cy
such that V[G] = V[G]. Now if 7; : Co x Cy — Cy is the canonical projection (i.e. m;(fo, f1) = fi)
then define G; := m;[G]. We claim that these are the desired filters.

Claim. Both Gy and Gy are filters on C,.
Proof.

1. Go#0
This is clear, as G # 0.

2. If p<qgand pe Gy then q € Gy
Let p’ € Cy such that (p,p’) € G. Then (p,p') < (q,0), so (g,0) € G, and thus q € Gy.

3. If p,q € G there is an r € G such that r < p,q

Let p,¢' € Cy such that (p,p'),(q,¢) € G, then there is some (r,7’) € G such that
(r,r")y < (p,p'),{q,q). By definition r € Gy and r < p, q.

Similarly G satisfies all of these. O
Claim. Gy is Cy-generic over V.

Proof. Let D € V be dense in Cy. Then notice that 7, ! [D] is dense in Cg x Cq by the following.
Let (p,q) € Cy x Cq, then by the density of D, find a p’ € Cy such that p’ < p = 7((p, q)).
Now we have (p/,q) € 710_1[D], and (p',q) < (p,q). So by genericity of G we can find a
(p,q) € 7y '[D] N G, which gives us p € D N Gh,. O

Claim. G; is Cy-generic over V[Gp].

Proof. Let D € V[Gg] be dense in Cy, let D € V be a name for D, and let pg € Gy such that
po IF “D is dense in Cy”. Now define D’ € V by D' := {{qo,q1) : (qo < po) A (qo IF ¢1 € D},
and show it is dense under (p,(}) in Cy x Cq by the following. Let (p,q) € Co x Cq be such that
p < po. Now since p < po, P IFdx € Cg(x eDANz < ), so in particular, there is a p’ < p and
¢ € Cy such that p' IF ¢/ € D A ¢’ < ¢. In other words (p,¢') < (p,q) and (p/,¢') € D'. Now
that we know D’ € V is dense below pg in Cy x Ca, we can find a (p,q) € D' G. So we have
g€ Gy, and p € G such that p - § € D, and thus ¢ € DN G;. O
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It doesn’t take much work to show that we can recover G from these two filters by G = G x G,

so the end result is V[G] = V[G] = V[Go]|G1].

Notice that A :={n € w: fo(n) = 1} is a subset of the natural numbers (and therefore a subset
of the ordinals) and A € V[G], but V[A] = V[Go] € V[G], so V[G] is not minimal over V. [

Lemma 3.1.7. If d is a Gs-code of the intersection of countably many open dense subsets of R
inV, and a =JG is the Cohen real generated by the forcing C,, then a € aMIcl,

Proof. If ¢ € d, then c is a Gs-code for a dense open set in V. Define now
D.:={peC,:3rs)ecc VyeR(pZly—yec(rs)}

We show first that D, is dense in C,,. To do this, let ¢ € C,,, and remember U, := {z € w* : ¢ C x}
is a basic open set in R. Since ¢™ is dense in RM, and (Uq)M is an open subset of R there is
some yo € (U,)M NeM, and thus some (r, s) € ¢ such that yo € (r, s)™. Since the sets U, where
p € C,, generate a basis for the topology of R, we can find some p < g such that U, C (r,s),
and thus p € D.. Now that we have a dense set, by genericity of G, let p € G N D,, and notice
that p C a, and therefore a € (r,s)M [G] € ¢MIG), Since this holds for all ¢ € d, the result is
a € aM(C], O

3.2 Random Reals and the Solovay Forcing

Soon after Cohen’s introduction of forcing, Robert Solovay introduced the concept of the random
real. This real is called “random” because, as we will show, given a name for any Borel set of
full Lebesgue measure in the ground model, the new random real will appear as an element of
the interpretation of said name in the generic extension. (By full measure, we mean a set whose
complement has measure zero.) In 1965, while working with Lebesgue measurability, Solovay
was led to assigning a truth value from a complete Boolean algebra to each formula [9]. He in
in turn developed a method of forcing using complete Boolean algebras that was made popular
by Dana Scott at a set theory conference held at UCLA in the summer of 1967. Scott even
reproduced the work of Cohen using Boolean models in the paper [12]. We however will stay
with forcing with partial orders, but will borrow the technique of assigning truth values to show
an important property of random reals.

Forcing with Borel Sets

We let our forcing conditions be the Borel sets in R of positive Lebesgue measure. We then say
p € B is stronger than ¢ € B if u(p\g) = 0. It may be easier to remember p < ¢ if p C g almost
everywhere. We can see that our maximal element can be the real line itself.

Forcing with Closed Sets

For convenience, we will focus our attention on the subforcing Bo defined by the closed (and
therefore Borel) subsets of the real line with positive Lebesgue measure. The maximal element
is again the full real line. This is clearly a dense embedding by the properties of Borel sets
introduced in Chapter 1, and thus equivalent to the full forcing B.

Lemma 3.2.1. The random real forcing has the countable chain condition.
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Proof. Let A C B be an antichain in B. Then if p € A, there is some n € Z, and an m € N such
that u(p N (n,n+1)> L) So A=U{{peA:upn(n,n+1)) > L}:(n,m) € ZxN}, and
for each (m,n), the set {p € A: pu(pN (n,n+1)) > L} is finite (in fact it has cardinality less
than m), and thus the union over the countable set Z x N is at most countable. O

Theorem 3.2.2. If G is a generic filter on Bc then (\{p"[¢ : “p € V is an F-code’ ApY € G}
contains a single element, and it is a real number of V[G].

Proof. Since G is a filter, it has the finite intersection property. We can also see the sets
D,, .= {p € B¢ : diam(p) < %} are dense in Bco. This of course means some of our sets are
bounded, so by compactness the intersection ﬂ{pV[G] . “p € Vis an F-code” A p" € G} is not
empty in V[G]. Using the D,,’s, we can see that this intersection contains a single point, let us
call it a. O

Theorem 3.2.3. The generic filter G can be recovered from a. In particular V|G| = V]a] and
agV.

Proof. Let H := {pV : “p € V is an F-code” Aa € pV[G]}. We will now show that G = H.

It is almost trivial that G C H, because if p € V is an F-code such that p¥ € G, then by
definition a € pVI[¢], and thus p¥ € H. We now show inclusion in the other direction.

Let p € V be an F-code with p¥' € H, and extend the singleton {pV} to a maximal antichain A
of B¢ with the property that for every p,q € A, pNq = (). We will show first that A is actually
maximal with respect to all antichains of B-. Suppose that this is not the case, then let r € B¢
such that AU {r} is an antichain in B¢. Notice first that

p(r\(JA) = ur) = prn{JA) = p(r) = D0 =u(r)

pEA

So r\|J A is a Borel set of positive measure, and thus contains a closed subset ' of positive
measure. It is also clear that for any s € A, sN7’ C sN(r\|JA) = 0. This of course is
a contradiction to the maximality property of A, because A U {r} is another antichain with
pairwise disjoint elements. This means that A is already an antichain of B¢ in the usual sense.

We know now that G must contain one element ¢ € A, so we assume that p¥ # ¢. Since
g € G, it has an F-code § € V such that a € V¢, and thus ¢vIE) N pVIC] # (). However as
elements of A, we have ¢V Np" = 0. To show this is impossible, start by finding the n such that
a € [n,n+1]VI). Now for each pair of rational numbers (r, s) € pUq notice that either n < a < r
ors<a<n+1,so [n,n+1]Y\(r,s)" is either the set [n,7]" or [s,n + 1]V. If we take a finite
collection of pairs, say for m € w we have the collection {(r;, s;) : i € mA(r;, s;) € pUq}, then the
set {[n,n+1]Y\(ri,s;)V : i € m} is nonempty. (In fact if we say s,, :=n, and r,, ;== n+1 it is
the closed interval [max{s; : i < m},min{r; : 4 <m}]V.) Thus {[n,n+1]V\(r,s)" : (r,s) € pUG}
is a collection of compact subsets of the real line (in V) that has the finite intersection property,
and therefore has nonempty intersection. But

([ +1"\(r,9)" 2 (r,s) epUdt = (0 Ng) N [n,n+1]C (P Ng) =10
which is a contradiction, so ¢ and p must be one and the same.
We have proven that G can be recovered from a, so the extension is generated by the single real

a. In particular V[G] = Vla], and because it is clear that every condition has two extensions
that are incompatible, we know a ¢ V. O
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We want to show that the random real extension is different from the Cohen extension described
in the previous section. To do this, we will show that every sequence of natural numbers in the
extension is dominated by one in the ground model. To do that, we will borrow the notion of
“truth value” from the Boolean algebra approach to forcing.

Definition. Let ¢ be a formula in the forcing language, then the truth set of ¢ (in the Solovay
forcing) is defined by |¢| := {{J A : A is a maximal antichain of {p € B: pIF ¢}}.

Lemma 3.2.4. Let ¢ be a formula, r € |¢|, and ¢ € B. Then q < r if and only if g IF ¢. In
particular r IF ¢.

Proof. Let A be a maximal antichain such that |JA = r, and assume ¢ I ¢. Suppose for
contradiction that ¢ £ r. Then u(¢\r) > 0, so ¢\r € B, and as we can see ¢\r < ¢, so
g\r IF ¢. This however contradicts the maximality of A, because AU {¢\r} is an antichain of

{peB:pl ¢}

Let us now suppose that ¢ < r, but assume q ¥ ¢. Then by the forcing theorem, there is some
s < g such that s I —¢. This means however that given any p € B such that p IF ¢ we have
p L s, in other words u(s Np) =0. Thus sNr = J{sNp:p € A} is a null set (because A is
countable by the ccc), contradicting the fact that s C ¢ C r and all have positive measure. [

Corollary 3.2.5. Let ¢ be a formula and q,r € |p|. Then q and r differ only by a null
set. Formally, the symmetric difference ¢Ar = (¢\r) U (r\q) has measure zero. In particular

1(q) = p(r).

Proof. Suppose for contradiction that u(qAr) > 0. Then without loss of generality u(g\r) > 0.
But then ¢\r € B, and is a stronger condition than ¢, and thus forces ¢. But by the previous
lemma ¢\r C r, and it is clear that this is a contradiction. O

In a sense, we see now that the truth set of ¢ is actually an equivalence class “maximal” of
conditions that force ¢. It will benefit us to talk about a representative of the class. From here
on, we will let the notation ||¢|| mean to take any representative of the class |¢|.

Lemma 3.2.6. Iff € V is a name, and p € B such that p IF f W — w, then for each
n € w the set F, = {[|f(n) =i|[Np :i € w} partitions p. (i.e. p(UF,) = p(p), and
p(([|f(n) = illnp) O (llf(n) = jlINp)) =0 if i #j.)

Proof. Let i,j € w such that i # j, and let p’ := (||f(n) =i[lnp)N (1f(n) = 4| Np), then if
u(p’) > 0, p’ € B, and has the properties that p' IF f : w — w, p' IF f(n) =4, and p' I+ f(n) = j.
Since i # j, this is a contradiction.

Now let us suppose that p({JF,) < u(p), then p\|JF, € B, and forces f : w — w, so there is
some stronger condition ¢ € B and some m € w such that ¢ I- f (n) = m. We now have by a
previous lemma ¢ < ||f(n) = m|| < | F, but we chose ¢ < p\ |J F,,. This of course is impossible,
so we must have p(|J F) = p(p). O

Lemma 3.2.7. In the random extension, every f :w — w is dominated by some g € V.

Proof. Let f:w — w be a function in V[G], and let f € V be a G-name for f. Then under
eachpEBsuphthatp\Ff:w—)wwewillﬁndap’GIBBandanfpGV, fp : w — w such that

P IFVn e w(f(n) < fp(n)).
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For each n € w find an m, € w such that u(p\||f(n) < ma||) < 1(3)"u(p). This is possible

because the set {||f(n) =i]|Np:ic w} partitions p. Now we define f,(n) := my,, and let
P = (WIIf(n) < myl|| : n € w}. Notice that p’ is a Borel set, and

p(p\p') < Z(i(%)”u(p)) - L)

2
new

so pu(p') > Su(p) > 0. Thus p' is a forcing condition, and p’ IF Vn € w(f(n) < fp(n)). Tt is clear
that the set {p' :p e BApI- f w — w} € V is dense in B “where we need it to be”, so one
such p’ is in the generic filter, and f¢ € V[G] is dominated by some fpeV. O

Finally we end by classifying what exactly it means to be a random real.

Theorem 3.2.8. A real number a is random over the ground model V' if and only if for every
null Borel set ¢ € V', and Borel code p € V such that p¥ = q, we have a ¢ pVlel . Since every
null set is contained in a null G§ set, we may assume that p is a Gg-code.

Proof. Suppose first that a is random over V', that is let a = (|G where G is a B-generic filter
over V. Let p € V be a Gs-code for a null Gy set in V. Then notice that {R"\p"'} is a maximal
antichain in B, so the single element RV \p" is an element of G. This gives us however that
a ¢ p¥lal,

Now let us assume that a is a real number such that a ¢ pV1e for all Gs-codes p € V with p¥ is
a null set. Notice that this means a ¢ V, because if it were, the singleton {a} would be a null
set. Then define a filter on B by G := {p¥ : “p € V is an F-code” Aa € p"[9}. Then we claim
that G is a generic filter, and a € (|G is the unique random real generated by G.

1. G is not empty
It is clear that RV € G.

2. If p<qgand peG,thenqge G

Since p < ¢ we have p\q is a null set. Then there are F-codes p and ¢ € V', and a Gs-code
7 € V such that p¥ =p, " = ¢, and #V = p\g. From the assumption on a, we have that
a ¢ #VIG But a € V1, so a must be an element of ¢V[¢). Thus ¢ € G.

3. If p,q € G then there is an r € G such that r < p,q

Since p,q are both elements of G, we have a € (p N §)V¥, for p and § € V being Gs-
codes for p and ¢. From the assumption on a, this means (p N ¢) can not be a null set in
V', and thus has positive measure. Now take any closed set r contained in (p N ¢) with
w(r) =pu(pnq). Then r € G and r < p,q.

4. If A is a maximal antichain in Bo then ANG # ()

Since A is a maximal antichain, we know RY\ | J A is a null G5 set. Thus
a ¢ RV J{pV[ : “pis an F-code” A pV € A}, so for some F-code p € V with p¥ € A,
a € pVI¢l, which means p¥ € AN G.

We can see now that G is in fact a generic filter on B over V, and a € N{p"[G] : pV € G}, so
a is a random real over V.

O]
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3.3 Sacks Reals

The next notion we shall look at is the Sacks forcing introduced by Gerald Sacks designed to
produce a minimal model. We lose the countable chain condition with this model, but can show
that cardinals are preserved for another reason. Our forcing conditions will be perfect trees,
which we define now.

Definition. We say p C 2<% is a tree if for all s € p and for all t C s, t € p. A tree p # ) is
perfect if for all s € p there is a £ O s such that both ¢0 € p and t™1 € p.

Definition. Given a tree p, and an element s € p, then we define the restriction of p to s as
pls:={tep:tCsVvsCt}

Corollary 3.3.1. If p is perfect, and s € p then p | s is perfect.

Definition. Given a tree p, and n € w the n'* level of p is the set p(n) := {s € p: |s| = n}

Lemma 3.3.2. If p is a perfect tree, p(n) # 0 for every n € w.

Proof. Suppose to the contrary that there was an n € w such that p(n) = 0, and let n be
minimal with this property. If n = 0, p = (), so p is not perfect. Otherwise, p(n — 1) # 0,
so let s € p(n — 1). Since p is perfect, there is some t € p such that t O s and t~0 € p, so
(t0) [ n € p(n).

O

Forcing with Perfect Trees

Let T be the set of all perfect trees p C 2<%, and say a tree p € T is stronger than ¢ € T if and
only if p C q. The maximal element of this forcing is the full tree 2<%,

It is not difficult to see that the Sacks forcing does not have the countable chain condition. What
is clear is that card(T) = 2%0, so in particular if V = CH, we do have the Rp-chain condition,
and thus all cardinals greater than Xy are preserved. It is left to show that this forcing does not
collapse Ny, which we will do in the following lemmas.

Definition. In a tree p, we say s € p is a branching point if both s70 € p and s™1 € p. We
say s € p is an n** branching point if there are exactly n branching points contained in s. We
say now p <, ¢ if p C ¢ and if s € p is an n*® branching point of p, then it is an n*® branching
point of q.

Corollary 3.3.3. It is almost immediately clear that a tree is perfect if and only if it has 2™
many n'* branching points for each n € w.

Definition. A sequence of trees (t; : i € w) is called a fusion sequence if for all i € w, t; <; ;1.

Lemma 3.3.4. If (t; : i € w) is a fusion sequence of perfect trees, then (\{t; : i € w} is a perfect
tree.

Proof. If we let S,, be the set of n'* branching points of t,, it is easy to see that S,, is the set
of n'" branching points for all ¢, with m > n, and thus of (\{t; : 4 € w}. Since t, is perfect,
|S,,| = 2", which in turn tells us that (){t; : i € w} has 2" many n'® branching points, and is
thus perfect. O
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Lemma 3.3.5. If A is a countable set of ordinals in V[G] then there is a set B € V' countable
iV such that A C B.

Proof. Let f € V[G] be a surjection f : w — A. Then for each p € T such that p IF f : w — ORD,
we define p’ < p in the following way. First let pg := p. Now given p,, we construct p,11 as
follows. Let S, be the set of n'® branching points of p,. Then for each s € S, and i € 2
find a condition p,, € p | (s74), and an ordinal a,, such that p,, |- f(7) = a,,. Then define

D1 = U{ps;, : s € Sp AP € 2}

Claim. The sequence (p, : n € w) is a fusion sequence.

Proof. Tt is clear that for each n, p, C pnt1. Now let s be an n*® branching point of p,. Then
s71 € pg, for © = 1,2, so both are elements of p,11, and thus s is a branching point of pj,41.
Now if t C s was also a branching point of p, then since p is perfect, there are n'" branching
points ¢y and t; above t70 and ¢t 1 respectively. So both 70 and t™1 are elements of p,41,
and therefore s is an n'" branching point of s. O

Since this was a fusion sequence, it’s intersection p’' := ({p,, : n € w} is a condition of T. Define
B, :={as, : s € S, An € wAie€ {0,1}}, which is obviously countable in V', and notice that
p’ IF Range(A) C B,. Now the set {p' :p € TApIF f:w— ORD} is dense in T “where we need
it to be”, so there is such a p’ € G, thus proving our theorem. ]

Theorem 3.3.6. If the ground model V satisfies CH, then the forcing T preserves all cardinals.

Proof. Tt is clear that with CH card(T) = Ny, and thus satisfies the No-chain condition and
preserves all cardinals greater than N;. Assume now that the forcing collapses X;. That is, wY
is assumed to be countable in V[G]. Then by the previous lemma, in V' we have w{” is contained

in a countable subset of V', which is a contradiction. ]

Theorem 3.3.7. If G is a generic filter on T then f := (" G) is a function f:w — 2 and is
thus a real number in V[G].

Proof. For each n € w define the set D,, := {p € T : |p(n)| = 1}. We claim that these sets are
dense in T. To show this, let n € w, p € T, and take s € p(n). Then the tree p | s is perfect,
and (p | s)(n) = {s}, so it is an element of D,,.

Now let s,t € (|G (notice that these are finite binary sequences and not trees), and let
n € dom(s) Ndom(t). Then choose a p € G N D,, and let p; be the unique element in p(n).
Since s,t € p, and n € dom(s) N dom(p), we can see that s [ (n+1) =p1 =t [ (n+1). Sos
and t agree on any common domain, and f is a function f : dom(f) — 2.

Now we show that dom(f) = w. For any n € w we can find a p € GN D,,. Now let s be the
unique element of p(n + 1). Let ¢ € G and we will show that s € ¢. Since p,q € G, there is
some r € G such that r C p, g. Since r is perfect, r(n+1) # 0. Since r(n+1) C p(n+1) = {s},
s € r, and thus s € ¢. In particular s € (G, so n € dom(f).

]

Theorem 3.3.8. The Sacks real described above is not a real in the ground model.

Proof. Let g € VN 2%, and define the set Dy := {p € T : In (f [ n ¢ p)}. We show now that
D, is dense in T. Let p € T, and assume that for all n we have f [ n € p. Then let s € p be a
branching point such that without loss of generality s—0 C f. Let n € w such that s~0 = f | n.
Then p | (s71) is a perfect tree that does not contain f | n, but extends p. We have now shown
that Dy is dense, so there is some p € Dy NG, and it is clear that p Ik g # ([JNG. O
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Definition. If p is a tree, we define the Cantor-Bendizon derivative of p to be
p' :={s € p: “s is below a branching point of p”}

We let the p(@ := p. If p(®) is defined, we define p(@+!) := (p(®)). If « is a limit ordinal, and
p®) is defined for every 8 < a we define p(®) := N{p® : g < a}.

Lemma 3.3.9. Let p be a tree, then there exists a countable ordinal o such that p(® = ple+1)
and either p'®) is empty or it is perfect.

Proof. Notice that if s € p is removed at some step, so is the entire open set Us (open in
the space 2¢). Since there are only countably many open sets in 2¥ the decreasing sequence
<p(o‘) : @ < wq) has to stabilize after countably many steps. Let o < w; be a countable ordinal
such that p(® = p(@+tD) Then if p(®) is not empty, it is clear that every point in p(® lies below
a branching point of p(@ and thus the tree is perfect. ]

Theorem 3.3.10. Ifwe let H:={peT:Vnecw (f | n €p)}, then G = H. In particular G
can be recovered from f, so V[G] = V[f].

Proof. If p € G, it is clear that f | n € p for all n € w, so we have immediately that G C H.
Now we show that H is a filter, and by lemma 2.2.2 we are done.

1. H is not empty
It is immediate that 2“ € H.

2. fp<gandpe€ H thenqe H

Let n € w, then f [ n € p by the definition of H, and f [ n € ¢ because p < ¢. Since this
holds for all n € w, g € H.

3. If p,q € H then there is some r € H such that r < p, ¢

Find a countable ordinal o such that (p N ¢)® = (p N ¢) @Y. We claim that (p N q)(®
is perfect, and therefore a common extension of p and ¢. Suppose on the contrary that
(p N q)® is empty. Let 8 < o be minimal with the property 3n (f | n ¢ (p N q)®),
and let m € w be the witness to this. It is clear that 5 # 0, because for every n € w
we have f [ n € pNgq). We also know that § is not a limit ordinal, because then
(pN q)(ﬁ) =U{(pn q)(V) cy < B}, so0if fInég (pnN q)(ﬁ), then there is some v < ( such
that f | n ¢ (pNq)). Notice however that f = J{s € (pN¢q)P~Y : f | m C s}, which
is definable in V. We have however shown that f ¢ V| so this cannot be true. Therefore
(pN q)(o‘) is a perfect tree and is also an extension of both p and q.

O
Theorem 3.3.11. The Generic extension over T is minimal over the ground model V.

Proof. We start by letting G be a generic filter on T, taking X € V[G] as a subset of the ordinals
such that X ¢ V' and letting X € V be a T-name of X. For each p € G such that pIF X ¢ V|
we will find a p’ < p and a function f,; € V[X] such that if p’ € G, then fy = f =JNG.

Start by letting po be a condition such that p IF X ¢ V. We will find p’ by constructing a fusion
sequence. For each n € w let S, be the set of n!* branching points of p,, and for each s € S,
find an ordinal ~s such that p, [ s cannot decide «;,, € X. For each s, let ps, Cp | (s70), and
ps; € p | (s71) be conditions such that one forces 75 € X, and the other forces 75 ¢ X. Define
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Pnt1 = U{ps, : s € Sy Ai € 2} and define p’ := Mhew Pr-

We can see with the argument used in lemma 3.3 that the sequence (p, : n € w) is a fusion
sequence. We know then that p is a perfect tree, and thus a condition of T.
Now for each p € T define a function f, € V[X] by:

fo:= U{s“i € p: (s is a branching point of p) A (i € 2)A

(VY€ ORD (ye X Ap | (s74) IF5 e X)V

(vE X Ap T (™) 7 ¢ XV
(p1(sTi)FyeXApl(si) k5 X))
Notice that if p’ is the result of a fusion sequence defined above, and p’ € G, then fy = f = U G.

Since {p' : p € TApI- X ¢ V} is dense below every p that forces X ¢ V, we know there is such
ap’ € G, and we are done. O



Iterated Forcing

As Cohen states in [6], “Having shown how to adjoin one “generic” element... The obvious way
[to violate the continuum hypothesis| is to adjoin sets of integers a; where i ranges over all the
ordinals less than Ny”. We will look at methods of doing just that.

4.1 The Two Step Iteration

In our first method, we assume we have a forcing P € V', and a forcing @) in the generic extension
V[Gp] (where Gp is a P-generic filter over V). We then want to construct a forcing P x Q) in
the ground model that will give the same extension obtained by forcing first with P over V and
then with @ over V[Gp].

Definition. Suppose (P,<p,1p) € M is a forcing, and further that (Q,ﬁQ,iQ) € M are
names such that 1p I [ig € QA “(Q,<g,1¢) is a forcing with maximal element 1¢”]. Then
the two-step iteration (P x Q. <, 1) is defined by the following:

PxQ:={(p,d):p€PAGeDom(Q)AplpqeQ}

.d)<(p,q) <= P <pprp IFp<qg
1:=(1p,1g)
Lemma 4.1.1. The two step iteration described above is a forcing on M.

Proof. 1t is clear from the definition that P % () € M, so we just need to show that the ordering
< is reflexive, transitive, and that 1 is the maximal element.

1. < is reflexive

If (p,q) € P x Q then clearly p <p p and since 1, I+ “Q is a forcing”, p I+ “Q is a forcing”

Ag € (). So in particular p I- qng. So (p,q) < (p,q).

2. < is transitive
Let (p",¢") < (¢,¢") and (p/,¢') < (p,q), with each pair an element of P x Q. Then
p' < pand p' Ik ¢'<gq¢ so because p” < p' and p” IF ¢"<o¢’, we also get p” < p and
P’ Ik ¢'<gd A q"<gd. Since p” also forces that @ is a forcing, we get p” I+ ¢"<q. Thus
(®",d") < (p, ).
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3. 1 is the maximal element of P * )

Let (p,¢) € P*Q, then 1p < p, and pIF “Q is a forcing” A¢ € Q, we have p IF i<olo.
So P« Q is a forcing in M. O

Lemma 4.1.2. If we have a two step iteration described above, and G is a P-generic filter over
M, Hisa@Q= Q% -generic filter over M[G], then G+ H := {(p,§) € PxQ :p € GA¢% € H}
1s a P x Q-generic filter over M.

Proof.

1. G % H is not empty
True because (1p,1g) € G * H.

2. If (p,¢) < (¢',4¢') and (p,q) € G+ H then (p',¢') € Gx H

Since p € G and p < p’, we have p’ € G. Now p g e QNG € QNG < ¢, so in particular,
since p € G, ¢¢ < ¢’ and both are elements of Q€. Since H is a filter and ¢ € H, so is
¢'. The result is (p/,¢') € G * H.

3. If (p,q), (p/,¢') € GxH then there is some (p”, ¢") € GxH such that (p”,¢") < (p,q), v/, )
Since ¢%,¢’“ € H, and H is a filter, find some ¢ € H such that ¢’ < ¢%,§’“. Now find a

name ¢” € Dom(Q) for ¢”. Similarly, find a p” < p,p/, but let us choose it in a way that
p” also forces ¢’ € Q, ¢" < ¢, and ¢" < ¢’. Then (p”,¢") € G * H and is stronger than

both (p, ¢) and (p',¢’) as desired.

4. If D € M is dense in P Q then Gx HND # ()
First, define the set Dg := {¢“ : ¢ € Dom(Q) A3p € G(p,q) € D}. We will show that this

set is dense in @ over M[G]. Let ¢ € @, then there is some P-name ¢ € Dom(Q) such that

¢© = ¢, and we can find a p € G such that p I+ ¢ € Q. Then it is clear that (p,§) € P Q.

Now define the set D, 4 := {r € P:r < pA3$ € Dom(Q)[(r,$) € D Apl- s < 4]}, and
we claim this set is dense below p € P. To show this, let p’ < p, then p' IF ¢ € Q, so
(0, 4) € P Q. By the density of D there is some (r,3) < (p/¢) such that (r,3) € D. We
have then by definition r < p and r |k 5 < ¢, sor € D, 4 and r < P/, proving that D)
is dense under p.

By the genericity of G, we now know that there is some p’ < p such that p’ € Doy NG.
So for some ¢, (p,¢’) € D and p' IF ¢’ < ¢. Since p' € G, ¢ < ¢¥ = g and ¢ € Dy,
proving the density of Dg that we wanted in Q.

Now since Dg is dense in Q over M[G], there is some ¢ € Dg N H. Since this ¢ € Dy,
there is some p € G such that (p,q) € D. Thus (p,q) € G+« HN D, proving that G *« H is
a P x QQ-generic filter over M.

O]

Theorem 4.1.3. Forcing with the two step iteration P x Q is equivalent to forcing first with P
and then with the interpretation of (Q in the P-generic extension.
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Proof. Let G be a PxQ-generic filter over V. Define then Gy := {p € P : 3¢ € dom(Q) (p, §) € G}
and G := {¢% : Ip € P (p,¢) € G}. We claim then that G is P-generic over V, G is Q-
generic over V[G1], and G = G1 * Ga.

1. G is not empty
This follows from G is not empty.

2. If p<p' and p € Gy then p' € Gy

Since p € G, there is some ¢ such that (p,¢) € G. Then (p,q) < (p',q), so (p/,q) € G and
thus p’ € G.

3. If p,p’ € G1 then there is some p” € G such that p” < p,p’

Similarly take (p,q),(p’,¢") € G, then there is a (p”,¢") € G that extends both. Then
p" € Gy and p" <p,p'.

4. If D € M is dense in P then G1 N D # ()

Define D % Q = {(p,q) :peDNGE€ dom(Q)}. This set is dense in P * Q, so there is some
(p,4) € (D*Q)NG. Clearly p € D N Gy, proving our claim.

The proof for G is similar. O

4.2 Finite and Countable Support Iterations

We would like to be able to add a large number of generic elements to our ground model. At
the same time, we would like to preserve some of the nicer properties of forcing notions. Here
we introduce two methods of iterated forcing.

Definition. A sequence (P,,<p,, 1pa;Q5, éQﬁ : B <y, < ) is a (finite) countable support
iteration if the following hold:

1. The (P,,<p,,1p,) are forcing notions.

2. If z € P, then it is a function x : o — V. The support of z is defined by
supp(z) = {f < a: z(B) # 0}

3. If a <~ is a limit ordinal, then:

(a) Pa={p:a—=V:VB8<alp|B e Pg) A supp(p) is (finite) at most countable}

(b) p<p, qgifand only if V3 < a (p [ B <p, q | B)
(c) 1p,(B) =0 forall B <

(Notice that by the above definition Py is the trivial forcing: ({0}, (0,0),0).)
4. For every a < v (1p, Fp, (Qa,<q.,") is a forcing)
5. If & < v then

(a) Pas1={p:(a+1) =V :plaec P,Apla) € dom(Qa) A a)lkp, pla) € Qa}
(b) p<ayiqgifandonlyifpa<,qlaA(p]a)lFp, pla) <, q(a)
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(c) 1p,.,(B)=0forall f<a+1
We may also abuse notation in the normal way, and write simply (P,, Qo < v)-

Remark. Notice first that if @ < 3 there is a natural inclusion of P, < Pg, namely p — 7/,
ifé<a
where p/(§) := p(&) . ¢
0 ifa<g<y
Pg-name, and any P,-sentence as a Pg-sentence.

. Through this definition, we can think of any P,-name as a

When we are working with ccc forcing notions, the “right” type of iteration to use is finite
support, because the ccc property will be preserved. However, we will soon introduce the idea
of properness, which is a generalization of the ccc. When working with proper forcing notions,
we will be able to relax our iteration method to countable supports, while still preserving this
nice property.

Remark. The two step iteration is a finite or countable support iteration where v = 2 by the

following. Suppose P € V is a forcmg, and Q is a P-name such that 1p I Q is a forcing.

Then let Py be the trivial forcmg, let QO = P where P is the canonical Py-name for P, let
P :={f:1— V|f(0) € dom(Qo)}. Now it is clear that P is isomorphic as a forcing to P, so

we can take Q as a P, name, and define Q; := Q. Finally, let

Py:={f:2—= V|f(0) € dom(Qo) A f(1) € Q1}. Then (P;,Q; : i < 2) is a countable support

iteration, and is isomorphic to P * Q.

Lemma 4.2.1. (Properties of Countable Support Iterations)
If (P, Qq : a < ) is a countable support iteration, and o < B <~y then the following hold.

1.Vpe Ps ((pl o) € Py)
Vp € Py ((pla) <p, p)
Vp,q€ Pg (p<p,q— (p|a)<p, (¢ )
Vp,qe Ps ((pla) Lp, (gla)—=plp,q)

Vp € PuVqg e Ps (p<p, (¢ @) < p<p,q)

S & L e

If Gg is a Pg generic filter, then G :={p [ o : p € Gg} is a Py-generic filter



Proper Forcing

As we saw earlier, the countable chain condition is a very nice property for a forcing notion
to have, because with it, the forcing will preserve all cardinals and cofinalities. Unfortunately,
when iterating, we have to use finite supports if we hope to preserve this property. Fortunately
however, there is a more general property, namely properness, that we shall introduce in this
chapter. Properness was introduced by Saharon Shelah, and was designed specifically to not
collapse Ny. If we are lucky enough to also have the No-chain condition, we can see that all
cardinals are preserved under this type of forcing. In [13], Shelah uses stationary sets to define
his forcing notion. We however will be starting from a different definition (proved by Shelah on
page 102 of [13] to be equivalent) that uses elementary substructures of Hy. While everything
here can be found in Shelah’s book, we will be following [1] more closely.

5.1 Generic Conditions and Proper Forcing

Definition. Let P € V be a forcing, let A be an ordinal, and let M < H) such that P € M.
Then ¢ € P is (M, P)-generic if for every dense subset D C P such that D € M, DN M is
predense below gq.

Lemma 5.1.1. A condition q is (M, P)-generic if and only if for every D € M that is dense in
P, there is a P-name p € V such that glFppe M N DNG.

Proof. Suppose first that ¢ is (M, P)-generic, let G be an arbitrary P-generic filter over V' such
that ¢ € G, and let D € M be a dense subset of P. Since D N M is predense below ¢ and
g € G, we have DN M NG # (), and thus there is some p in this intersection. Since G was
chosen arbitrarily to contain ¢, by the maximality principal, there is some p € V such that
glFppeMNDNG.

For the other direction, let ¢ € P, and suppose that the right hand statement is true, then let
D € M be a dense subset of P, and let p be the condition such that ¢ IFp p € M N DN G,
let ¢’ < g, and let G be a P-generic filter over V such that ¢’ € G. Then by the assumption,
p¢ e MNDNG. Since G is a filter, there is some ¢’ € G that extends both p& and ¢’. Thus
by definition D N M is predense below q. O

Lemma 5.1.2. A condition q is (M, P)-generic if and only if ¢ I+ M[G] N Ord = M N Ord.

Proof. Please see [13] chapter III, lemma 2.6. O
Definition. A forcing is called proper if for every A > 2¢4d(P) and every countable M < H)
with P € M, every condition in P N M has an (M, P)-generic extension.
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5.2 Two Step Iteration of Proper Forcing Notions

Our first goal is to show that properness is preserved in two-step iterations of proper forcing
notions. We are actually going to prove a much stronger condition below, but first we need a
lemma help us find generic conditions in our two-step iteration.

Lemma 5.2.1. Let P x Q be a two step iteration of forcing notions, and let A be sufficiently
large with M < Hy, and P % Q € M. Further let p € P be an (M, P)- -generic and ¢ €V be a
P-name such that p Ik G is (M[G)], Q)-generic”. Then (p,q) is (M, P x Q)-generic.

Proof. Suppose p and ¢ are as in the statement. Then let G be a (P Q)—generic filter over V,
let 2 € M[G] N Ord = M[G4][G1] N Ord, and let & € M[G1] be a Q%! name such that 2 = x.
Since p € Gy, ¢ I+ M[G1][G2] N Ord = M[G1]NOrd, so 2 = 92 € M[G1]NOrd. Thus there is
a P-name & € M such that ¢ = 92 = x € M[G1] N Ord. Since p is (M, P)-generic, we have
x = #% € M N Ord. Since x was arbitrary, we have M[G] N Ord = M N Ord. Since the only
restriction we had on G was that (p, ) € G, we see now that (p,¢) IF M[G] N Ord = M N Ord,

o (p,q) is (P * Q)-generic. O

Lemma 5.2.2. (The Two-Step Properness Extension Lemma)
Let P be a proper forcing over V, Gp be the canonical name for a P-generic filter over V, and
Q@ be a P-name such that

1plkp “Q is a proper forcing over V[Gp]”

Let X\ be sufficiently large, and let M < H)y be countable such that P % Q € M. Assume that
p € P is an (M, P)-generic condition, and 7 € V is a P-name such that

plkp “re MN(P*Q) and m (i) € Gp”
Then there is some P-name, ¢ € V such that (p,q) is (M, P x Q)-generic, and
(p:q) I (pugy T € G

(Where G is the canonical P Q name for a (P * Q)-generic filter over V).

Proof. Let Gp be some (V, P)-generic filter such that p € Gp. Then 7P € MN(PxQ), and thus
has the form #¢F = (rg,7]) and m (+°P) = ro € Q¥P. Now 7 is a P-name for a condition in @,
and can thus be interpreted with Gp, giving us 717 € Q°?. Since QCF is proper over VI|Gp],
and 67 € Q9P N M[Gp] (71 € M because (rg,71) € M), there is a (M[Gp], Q¥F)-generic
extension ¢ € Q¢ of T‘GP Since Gp was an arbitrary (V, P)-generic filter containing p, by the
maximality principal we can find a P-name ¢ of ¢ such that:

plFp “¢is an (MG p], Q)-generic extension of m(r)”

By lemma 5.2.1, we already have that (p,q) is (M, P Q) -generic, so it is left to show that

First remember that 7 is a P-name, and p IFp 7 € (P % Q), so in particular, if we think of r
as a P x Q name, we have (p,q) H—(P*Q) 7€ (P« Q) Now suppose (p',¢’) is some extension

of (p,q) that decides 7 to be some (rg,71) € P * Q, that is (p',q’) F(psgy T = (ro,71). Then
p Ikp () € Gp, and thus since P is separative p’ < rq. Since p IFp “§ extends mo(r)”, and we
have p’ IFp “¢’ extends ¢ and ¢ extends 717, so (p/,q’) < (r9,71) and thus (p/,¢) Fipso) T € G.
Since this is true for any extension of (p,q) that identifies 7, we have the desired result that
(p, q) Fpeg) T € G. O
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It follows almost directly that properness is preserved in a two step iteration.

Theorem 5.2.3. [fP is a proper forcing over V, Gp is the canonical name for a P-generic
filter over V', and Q is a P-name such that

1plkp “Q is a proper forcing over V[Gp]”
Then P x Q is a proper forcing over V.

Proof. Let X\ be sufficiently large, and M < H) be a countable submodel such that P x Qe M,
and let (p,4) € M N P x Q. Then p € M N P, and P is proper over V, so there is some (M, P)-
generic extension p’ € P of p. Now let 7 be the canonical P-name for the condition (p,q). It is
clear that

plkp “re MNPxQ and m1(r) € Gp”

So by the previous lemma, there is some P-name ¢’ such that (p/,q’) is (M, P x Q)—generic,
and (p',¢) F(peg) © € G- Since 7 was the canonical P-name of (p,q), we actually have

', q) I (pe0) (p,4) € G. Since P x Q is separative, (p/,d’) < (p,q), and thus P % Q is proper
over V. O

5.3 Countable Support Iteration of Proper Forcing Notions

We now show that properness is preserved in countable support iterations. Again, we prove first
a much stronger condition similar to the one from the two-step version.

Definition. A countable support iteration (Pa,Qa :a < ) is an iteration of proper forcing
notions if for every a < v, 1p, IFp, “Q4 is a proper forcing”.

Lemma 5.3.1. (The Properness Extension Lemma)

Let (Pa,Qa s a < ) be a countable support iteration of proper forcing notions, and for each
o, let Gy be the canonical Py-name for a Pa-generic filter over V. Let \ be sufficiently large,
and M < H) be countable with ~y, P, (Pa,Qa ca<~v)€e M. Letvy € yNM, and assume that
Do € Py, is an (M, Py, )-generic condition and 7 € V' is a Py,-name such that:

Py Fpy, “F € MNPy and 7 [ y9 € Gy,
Then there is some (M, P,)-generic condition p such that p | yo = p~,, and
plFp, 7€ G,

Proof. We prove this lemma by induction on 7. Assume first that v is a successor. If yo+1 =1,
then we have P, = P, * (),,, and this case is handled by lemma 5.2.2.

Assume then that vo < 7' <+’ + 1 =~. By induction, the statement of the lemma holds for ~'.
So since .
Py lbpy, “7 € MNPy and 7 [y € Gyy”

We have by definition
Py PPy, “7 v e MNPy and (7 [ 7) Iy € Gwo”

Then by the statement of the lemma applied to 7' and 7 | 7/, there is some (M, P,/)-generic
condition p’ such that p’ [ 49 = p,, and

p'lkp, “F € MNP, and i [ € Gy~
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We have now reduced this case to the previous one where 75+ 1 = 7.

So we are left with the case that ~ is a limit ordinal. In this case, we start by choosing an
increasing sequence (7; : i € w) € V that is cofinal in v N M, where vy is the same vy given in
the statement of the lemma. This is of course possible, since M is countable. Let us enumerate
all of the dense sets of P, that are in M, say as (D; : i € w). We will now define by induction
a sequence of P, -names 7,, and a sequence of conditions p,, with each p, € P,, such that for
each n, pp4+1 [ n = p, and

pnlbp, i€ PyAM
7'”71 f% S G'yn
Tp—1 < 7y (for n > 0)

5.
5.
5.
Ty € Dp—y (for n > 0)” 5.

1)
2)
3)
4)

o~ o~ o~ o~

We start by letting 7o and pg be the given conditions, i and p,, respectively. Then we inductively
define a Py, -name 7,41 and an (M, P, )-generic condition p, for each n € w as follows.

First from 7, and p, we construct r,41. Assume G, is a P, -generic filter over V' such that
pn € Gy, and define 7, := 7&7. Notice now that (5.1)-(5.4) hold for r,, in V[G]. Now in V define

D;L ::{PT’VnipEDn/\[(Z?SPV V’n)V(Pf’YnJ-Tn r’}’n)]}

Notice that D], € M, as Dy, v, and r, € M. Now we show that Dj, is a dense subset of P, .
To do this, let ¢ € Py, .

1. If ¢ L (rp [ yn) in P,,, then as an elements of P,, ¢ L r,. By the density of D,,, we can
choose some p € D, with p <p q. We have (p [ v) <p,, ¢, 50 (p [ Yn) L (o | "),
(p Tr)/n) € D;L, with (p r'Yn) SPWL q.

2. If ¢ || (rn | 7m) in P,,, then as elements of P,, ¢ || r,. So we can find a condition in P,
stronger than both ¢ and r,, and by the density of D,,, we can find a p € D stronger than
this condition. Since p <p, ry, (p [ 1) € D;, and we already know (p [ v,) < q.

Now p, is (M, P, )-generic, and D], € M is a dense subset of P, , so D;, N M is predense below
Pn. Since p, € Gy, and G,, is a generic filter, we know that G, N D}, " M # (). So take some
x in this intersection, and notice by the definition of D’ that there is some r € D,, such that
r | v = x, in particular, Hy = 3r € Dy(r | 7, = x). Since D,, v, and x are all elements of
M, by the elementarity of M this existential statement holds in M as well, so we can find some
Tnt1 € M such that r,y; € Dy and (141 | Yn) = © € Gy. Since 141 | v and 7y, | 7y, are
both elements of G, they are compatible. Thus by the definition of D], we actually know that
Tn+l <P, Tn.

Since G,, was an arbitrary P,, -generic filter containing p,, by the maximality principal, we can
find a P, -name 7,41 for r, 1 such that
Pn ”_Pw “Prg1 € pﬂ/ N M
7‘171-}—1 r Tn € G’Yn
f’n—i—l SP.Y rn

'r"n+1 € Dn



5. Proper Forcing 34

By induction, we can now apply the statement of the lemma to P, ., ¥a, pn, and 7,41 to
find an (M, P,, ,,)-generic condition p,1 such that p,.1 [ n = py, (and thus forces the three

statements above about 7,,11), and forces the stronger statement 7,41 | Ynt1 € G% 1

Since for every m < n we have p, [ m = py,, the union (J,, pn is a function with countable
support, and in particular is a forcing condition in P,. We now define p := J,,c,, Pn, and claim
this is the (M, P, )-generic condition we are looking for. To prove this, notice first that it follows
from (5.1)-(5.4) that

pltp, “in€ PyNM
Tn [ Yn € G’%

Tn+1 SP,Y Tn

5.
5.
5.
Tnt1 € Dy” 5.

A~~~ o~~~
o 3 & Ot
~— ~— ~— ~~—

The condition p is (M, Py)-generic because if D is a dense subset of P, in M, then there is some
n such that D = D,,. Then with (5.8) and lemma 5.1.1 p is (M, P, )-generic.

It follows from (5.7) that if n < m then:
p I Tm SP.Y Tn
Together with (5.6) this yields for n < m:

plk iy | Ym € Gy,

Remembering that 79 = 7, in particular we have for all m € w
pIF# [ Ym € Gy, (5.9)

Suppose now that p’ extends p and identifies 7 to be some r € P,. Then p’ IF (7 | y,) € G,Ym
for every m € w, so since the forcing notions are separative, p’ < (r | v,,) for every m. We also
have p’ I 7 € M and thus since the domain of r is countable, it is a subset of M. In particular
dom(r) C yN M. This fact together with (5.9), gives us that p’ <r, so p’ I- r € G,. Since this
is true for every p’ extending p that identifies 7, we have found an (M, Py)-generic condition p
such that p [ 70 = py, and pl-7 € Gv- ]

Theorem 5.3.2. If (P,, Qa s <) is a countable support iteration of proper forcing notions,
then P, is a proper forcing.

Proof. let A be sufficiently large, M < Hy be countable such that P.,~, (Pa, Qo :a< v) € M,
and let r € M N P,. Then let 9 = 0, let 7 be the canonical name for r over the forcing Py = {0},
and let pg = (. Notice that pg is (M, Py)-generic, and po lkp, “7 [ 0 € Go and 7 € Mﬂpq,. Then
by the previous lemma, there is some (M, P, )-generic condition p such that p IFp, 7 € GV. Since
D~ is separative it is clear now that p < r, so P, is a proper forcing. ]

5.4 Dominating Reals in Iterated Proper Forcing

We get some other really nice properties from the countable support iteration of proper forcing
notions. The first important one happens at limit steps of uncountable cofinalities. This lemma
was adapted to match our style from lemma 1.5.7 in [3].
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Lemma 5.4.1. Let (P,, Qu:a< ) be a countable support iteration of proper forcing notions,
and let v be a limit ordinal of uncountable cofinality, then

1p, IFp, o NVI[G,] = | (@ NV[Ga))
a<ly

(i.e. no new reals are added at the limit steps of uncountable cofinality.)

Proof. Let f € V be a P, name for a function in w*. By lemma 2.4.4 we can assume f is a
'nice’ name in the sense that if z € f then x has the form (a,p) for some a € w X w, and some
p € P,. Now for each m € w define D,, := {p € P, : “p decides f (mm)”}, and for v sufficiently
large, let M < H) be a countable submodel with {D,, : m € w}, 1, P,, etc € M. Since M
is countable, and the cofinality of « is uncountable, o := v N M is strictly less than , and
f:=fNM is a Py-name. Now let p € P,, and by the properness of Py, let ¢ < p be a (M, P,)-
generic condition. We claim that ¢ I+ f = f. It is clear that ¢ IF f C f, because as names f C f.
So let G be a generic filter on P, such that ¢ € G, and suppose (m,n) € fG. We know by the
genericity of ¢ that D,, N M is predense below ¢, and thus there is some ¢’ € D,, " M N G.
Then since ¢’ decides f(rn), and f is a nice name, we know ((m,n),¢) € f. Since ¢ € M,
({m,n),q) € f, and therefore (m,n) € fC. O

It would be nice if we could get that property for all limit steps, but unfortunatly we needed
the uncountable cofinality to restrict the domain of the name of the new real. We are able to
say something about the reals that we add at limits of countable cofinality, providing we have
enough information about the steps below it. We will adapt theorem 6.1.18 from [3] to our style.

Lemma 5.4.2. Let (P,, Qu:a< ) be a countable support iteration of proper forcing notions,
and let v be a limit ordinal. Suppose that P, does not add a dominating real for all o < ~y. Then
P, does not add a dominating real.

Proof. If v has uncountable cofinality, then by the previous lemma, no new real is added in the ~
step of the iteration, so in particular, no new dominating real is added. Suppose now instead that
the cofinality of 7 is Ng, and let (v, : n € w) be a cofinal sequence of ordinals in v with 79 = 0.
Let g be a P, name for a real, and for each m € w let D, := {p € P, : “p decides g [ m”
Now let A be sufficiently large, and let M < H) be a countable submodel with {D,,, : m € w},
{n:in € w}l, (Po,Qa:a <), P,, g € M. Now let (f; : i € w) be an enumeration of w* N M,
and define a function f € w¥ by f(n) := max{f;(n) +1:¢ < n}. Let py € P, be the canonical
Py-name for some forcing condition py € Py, and let go = ). By induction we will find a ¢ < pg
such that ¢ IF f £* .

Suppose we have already defined a P, -name p, and g, € P,, such that there is some P, -name
m for a natural number such that g, IFp, 7 <, (for n = 0, let 7 = 0) and

gn I “pp € P,N M

pn € Dm
Pn < pn—1 (for n > 0)”

Then define p,o := Py,, and for each m € w, choose a P, -name (just like in the properness
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extension lemma) such that for each m
Gn IF “Ppm € Py M

pn,m ' Yn € Gn

pn,erl < Pn,m

pn,m € Dm”
Then let G, be an arbitrary generic filter on P, such that ¢, € G,, and in M[G)] define
gn € W* by gp(m) :=1 if and only if pg’;;lﬂ I g(m) = I, and since g, € M[G,] we can choose a
P, -name g, € M such that for each m, g, IFp, (Pmn IFp, gn(m) = g(m)). Then since g, is a
P,, name for a real, by the assumption of the lemma, it is not a dominating real. So specifically
Hy = 3h € w* (1p,, IFp,, h £* gn) where h is the P, -name for a real in V[G,]. Since M is
an elementary submodel of Hy, we can find such an hin M. Since h is a name for a real, and
qFp, h € M, there is some P, -name 7 such that ¢, IFp, h = f; (from our enumeration of
the reals in M). The result is that g, IFp, Vm > n (f(m) > h(m)). In particular, there is a
P, -name 7 for a natural number such that

an Ip,, “N,7 < 1h
gn(i) < h(m) < f(r)”
So in particular:
an lbp,, “f £5 gn”
O

Now define pp11 := Pnsn, and by the properness extension lemma, choose a (M, P, . )-generic

qn+1 such that g,41 [ n = ¢, and

n+1)

Gni1 Fp,, “Pny1 € PyN M
Prtt | Vst € Gnpa
pn+1 € Dy,

Prnt1 < Dn”

Then as before we define ¢ := | and claim that ¢ I- f £* g. Just as in the properness

new In
extension lemma, we get that for every n, ¢ l-p, pn € GV. Along with the fact that for every n,
there is a P,, name 712 for a natural number greater than n such that ¢ I+ (p, IF g, (1) = §(m)),
and q - g, () < () < f(1m), we have that for each n € w, ¢ - f £% ¢. Thus q |- f £* g, the
desired result.

Finally, we would like to point out one last result that we will not prove here.

Theorem 5.4.3. Let <Pa,Qa ca < ) be a countable support iteration of length v < ws of
proper forcings of size at most X1. Then P, satisfies the Ra-chain condition.

Proof. See section 2.2 in [1]. O

5.5 An Application of Iterated Proper Forcing

With all of these tools built up, it would be a shame not to give an application. We demonstrate
here model 7.5.1 from [3]. We will construct this model from forcing notions we introduced in the
Generic Reals chapter, and will compute enough values on the corresponding Cichon diagram,
to know all 10 of them (with the help of the inequalities mentioned in the introduction of the
diagram).
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Example 5.5.1. Let (P,, Qa:a< wa) be the countable support iteration where:
1. If o is even, Qo = Be, a Py-name for the Solovay forcing.
2. If o is odd, Qo = Ca, a Py-name for the Cohen forcing.

From the previous lemma, this model has the Na-chain condition, so cardinals greater than and
equal to Ny are preserved. We also know that N; is preserved because the is a proper forcing.
For the following lemmas, let G, be a P,,-generic filter over V.

Lemma 5.5.2. In VI[G,,] we have cov(M) = cov(N') = Na.

Proof. Let (Ay : v < A) where A < wy be a sequence of meager subsets of R in V[Gy,]. Now
since each A, is meager there is a Gs set, B, that can be expressed as the intersection of
countably many dense open sets such that A, N B, = (. Instead of being the actual set, let
B, be a Gs-code associated with the given G5 set. Since Gs-codes are countable collections of
countable collections of pairs of rational numbers, we can see that the set of all G§-codes in V' is
in bijection with the subsets of w in V. Since no new reals, and in particular no new subsets of
w are added in the limit step F.,, we have for each v < A, an a, < ws such that B, € V|G, ].
Define o := sup{a, : v < A}, and notice that since A and each of the a,’s are less than ws,
and wo is regular, o < wy. This means all of these Gs-codes occur already in V[G,]. Now let

o if o is odd
= , then = G5 is a Cohen real generic over V[Gg], and
B a+1 if ais even Te UPEGBH p(p) & (Gl
: V[Gp1a] V[Guy] - )
is thus an element of each set By C By - In particular fg & (U, .\ Ay, s0 (Ay 1y <A)

can not be a cover of RVl and thus cov(M) > R,.

To show that cov(N) = Ny, we start with a sequence of measure zero sets (A, : v < A)

where A < wp, and for each choose a Gs-code B, € V[G,,] for a null set in V[G,,, such that

A, C BX @2l - Ghoose as above an o < wo such that all of these G5 codes occur in V[G,]. This

1 if aisodd
time let 8 = {a+ Halso and

. « )
« if o is even

ag = ﬂ {pV[GBH] :p € V|G is an F-code A q(B)G5 = pV[Gﬁ}}
q€Gp11

[Gp+1]

Then ag is a random real generic over V[Gg], and thus is not an element of any BX , SO is

also not an element of any B}Y/[G“’Q]. In particular 75 ¢ (J, ., Ay, so (A, : 7 < A) can not be a
cover of RVIG«2] and thus cov(N) > Rs. O

Now we would like to show that in this model, the bounding number is still X;. To do this, we
need first a basic lemma about bounding numbers and forcing notions.

Lemma 5.5.3. Suppose P € V is a forcing of size less than b. Then for every function
[ ew NVI[G], there exists a function gf € V such that if h € V and h <* f then h <* g

Proof. Let f € V be a P-name for f, then for each p € P define the function fp by
fp(n) :=min{k : 3¢ <p (¢ Ikp f(7) =)}

Now since {f, : p € P} has cardinality less than b, we can find a function gy that dominates
this family. Notice now that if pl-p h <* f, then h <* f, <* gy. O
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Lemma 5.5.4. If CH holds in V', then in V[G,] we have b = ;.

Proof. Since we have assumed CH in V, card" (w* N V) = Ry, so we will show that w* NV is
unbounded in V[G,,| by induction, and this is enough to show b = X;. First, for the successor
steps, assume w* NV is unbounded in V[G,].

1. If o is even:

V[Ga+1] is a random extension of V[G,], so given any f € w” N V[Ga41], there is some
g € V[G,] that dominates f. By induction w* NV is unbounded in V[G,], so there is
some h € V that is not bounded by g, and thus is not bounded by f.

2. If o is odd:

V[Ga+1] is a Cohen extension of V[G,], which is generated by the countable Cohen forcing
notion. In particular it is generated by a forcing notion whose cardinality is less than b,
so given any f € w* N V[Gqay1], there is some g € V[G,] such that if h € w* N V[G,] and
h <* f, then h <* g. Since we assumed that w* NV is unbounded in V[G,], there is some
h € V that is not bounded by g, and thus is not bounded by f.

Now assume that ¢ is a limit ordinal, and that for all @ < ¢, w’ NV is unbounded in V[G,], then
by lemma 5.4.2 no new dominating real is added at this step, so w® NV is still unbounded in
V[Gs].

O

This model has the following Cichori diagram

Ng Nz Nz NQ 2N0 = NZ

]

N ———> Ny

]

Nl Nl Nl N2 Ng
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